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THE PICARD GROUP OF BRAUER-SEVERI VARIETIES
ESLAM BADR, FRANCESC BARS, AND ELISA LORENZO GARCI´A
Abstract. In this note we provide explicit generators of the Picard groups of cyclic Brauer-Severi varieties
defined over the base field. In particular, for all Brauer-Severi surfaces. To produce these generators we use the
Twisting Theory for smooth plane curves.
1. Introduction
LetB/k be a Brauer-Severi variety over a perfect field k, that is, a projective variety of dimension n isomorphic
over k to Pnk . Its group the Picard Pic(B) it is known to be isomorphic to Z. As far as we know, the first explicit
equations defining a non-trivial Brauer-Severi surface in the literature are in [1]. After this, an algorithm to
compute these equations for any Brauer-Severi variety is given in [7]. In the appendix, we explain an alternative
way to compute them for the case of dimension 2 and using twists of smooth plane curves.
In this note, we show an explicit and concrete generator of the Picard group of any Brauer-Severi variety
corresponding to a cyclic algebra in its class inside the Brauer group Br(k) of k. More precisely, for Brauer-Severi
surfaces we obtain the folowwing result.
Theorem 1.1. Let B be the Brauer-Severi surface corresponding to a cyclic algebra (L/k, χ, a) of dimension
32 as in Theorem 2.5. A smooth model of B inside P9k is given by the intersection ∩σ∈Gal(L/k)
σX where X/L
is the variety in P9 defined by the set of equations:
a2(l1ω0 + l2ω6 + l3ω9)(l3ω0 + l1ω6 + l2ω9)
2 = (l3ω1 + l1ω5 + l2ω7)
3
a(l1ω1 + l2ω5 + l3ω7)(l3ω0 + l1ω6 + l2ω9)
2 = (l3ω1 + l1ω5 + l2ω7)
2(l3ω2 + l1ω3 + l2ω8)
a(l1ω2 + l2ω3 + l3ω8)(l3ω0 + l1ω6 + l2ω9)
2 = (l3ω1 + l1ω5 + l2ω7)
2(l3ω0 + l1ω6 + l2ω9)
a(l2ω2 + l3ω3 + l1ω8)(l3ω0 + l1ω6 + l2ω9)
2 = (l3ω1 + l1ω5 + l2ω7)(l3ω2 + l1ω3 + l2ω8)
2
ω4(l3ω0 + l1ω6 + l2ω9)
2 = (l3ω1 + l1ω5 + l2ω7)(l3ω2 + l1ω3 + l2ω8)(l3ω0 + l1ω6 + l2ω9)
a(l2ω0 + l3ω6 + l1ω9)(l3ω0 + l1ω6 + l2ω9)
2 = (l3ω2 + l1ω3 + l2ω8)
3
(l2ω1 + l3ω5 + l1ω7)(l3ω0 + l1ω6 + l2ω9)
2 = (l3ω2 + l1ω3 + l2ω8)
3(l3ω0 + l1ω6 + l2ω9),
where {l1, l2, l3} is a non-zero trace normal basis of L. Its Picard group Pic(B) is generated by the hyperplane
ω0 + ω6 + ω9 = 0,
which is a genus 1 curve with k as a field of definition. More generally, for a positive element d′ ∈ Z ≃ Pic(B),
we have a generator of d′ Pic(B) given by
(l1ω0 + l2ω6 + l3ω9)
d′ + (l2ω0 + l3ω6 + l1ω9)
d′ + (l3ω0 + l1ω6 + l2ω9)
d′ = 0,
and defining a curve of genus (3d
′−1)(3d′−2)
2 defined over k.
2. Brauer-Severi varieties
Definition 2.1. Let V be a smooth quasi-projective variety over k. A variety V ′ defined over k is called a twist
of V over k if there is a k-isomorphism V ′⊗kk
Φ
−→V := V ⊗kk. The set of all twists of V modulo k-isomorphisms
is denoted by Twistk(V ), whereas the set of all twists V
′ of V over k, such that V ′ ×k K is K-isomorphic to
V ×k K is denoted by Twist(V,K/k).
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Theorem 2.2. [9, Ch.III, §1.3] Following the above notations, for any Galois extension K/k, there exists a
bijection
θ : Twist(V,K/k)→ H1(Gal(K/k),AutK(V ×k K))
V ′ ×k K
Φ
∼=V ×k K 7→ ξ(τ) := Φ ◦
τΦ−1
where AutK(.) denotes the group of K-automorphisms of the object over K.
For K = k, the right hand side will be denoted by H1(k,Autk(V )) or simply H
1(k,Aut(V )).
Definition 2.3. A Brauer-Severi variety B over k of dimension n is a twist of Pnk . The set of all isomorphism
classes of Brauer-Severi varieties of dimension r over k is denoted by BSkr .
Corollary 2.4. (cf. J. Jahnel [5, Corollary 4.7]) The set BSkn is in bijection with Twistk(P
n
k ) = H
1(k,PGLn+1(k)).
2.1. Brauer-Severi surfaces. Let L/k be a Galois cyclic cubic extension, with Gal(L/k) = 〈σ〉. Fix a
character
χ : Gal(L/k)→ Z/3Z,
which is equivalent to fix σ′ a generator of Gal(L/k) such that χ(σ′) = 1. Given a ∈ k∗, we consider a k-algebra
(L/k, χ, a) as follows: As an additive group, (L/k, χ, a) is an 3-dimensional vector space over L with basis
1, e, e2: (L/k, χ, a) := L ⊕ Le ⊕ Le2. Multiplication is given by the relations: e . λ = σ′(λ) . e for λ ∈ L, and
e3 = a. The algebra (L/k, χ, a) is called the cyclic algebra associated to the character χ and the element a ∈ k.
Theorem 2.5. Any non-trivial Brauer-Severi surface B over k corresponds, modulo k-isomorphism, to a cyclic
algebra (L/k, χ, a) of dimension 9, for some Galois cubic extension L/k and a ∈ k∗, which is not a norm of an
element of L. If Gal(L/k) = 〈σ〉, then the image of B in H1(k,PGL3(k)) is given by
ξ(σ) =


0 0 a
1 0 0
0 1 0


where Gal(L/k) =< σ > and χ(σ) = −1mod3. Moreover, the Brauer-Severi surface attached to (L/k, χ, a) ∈
Azk3 is trivial if and only if a is the norm of an element of L
This Theorem is a conclusion from the fact that H1(k,PGLn(k)) is in correspondence with the set Az
n
k of
central simple algebras of dimension n2 over k, modulo k-isomorphisms [10, chap.X.5], the fact that Az3k contains
only cyclic algebras [12] and the description of cyclic central simple algebras given in [11, Example 5.5]. For the
last statement see [3, §2.1].
3. Smooth plane curves
Fix an algebraic closure k of a perfect field k. By a smooth plane curve C over k of degree d ≥ 3, we mean a
curve C/k, which is k-isomorphic to the zero-locus of a homogenous polynomial equation FC(X,Y, Z) = 0 in P
2
k
without singularities of degree d. In that case, the geometric genus of C is g = 12 (d− 1)(d− 2). Assuming that
d ≥ 4, the base extension C ×k k admits a unique g
2
d-linear system up to conjugation in Aut(P
2
k
) = PGL3(k).
It induces a unique embedding Υ : C → P2
k
, up to PGL3(k)-conjugation giving a Gal(k/k)-equivariant map
Aut(C) →֒ PGL3(k) if d ≥ 4.
Theorem 3.1. (Roe´-Xarles, [8]) Let C be a curve over k such that C = C ×k k is a smooth plane curve over k
of degree d ≥ 4. Let Υ : C →֒ P2
k
be a morphism given by (the unique) g2d-linear system over k, then there exists
a Brauer-Severi variety B (of dimension two) defined over k, together with a k-morphism f : C →֒ B such that
f ⊗k k : C → P
2
k
is equal to Υ.
In [1] we constructed twists of smooth plane curves over k not having smooth plane model over k. These
twists happened to be contained in Brauer-Severi surfaces as in Theorem 3.1.
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Theorem 3.2. [Theorem 3.1 in [1]] Given a smooth plane curve over k: C/k ⊆ P2 with degree d ≥ 4, there
exists a natural map
Σ : H1(k,Aut(C))→ H1(k,PGL3(k)),
whose Σ−1([P2k]) is the set of twists of C admitting a smooth plane model over k, where [P
2
k] is the trivial class
associated to the trivial Brauer-Severi surface of the projective plane over k.
Remark 3.3 (Remark 3.2 in [1]). We can reinterpret the map Σ in Theorem 3.2 as the map that sends a twist
C′ to the Brauer- Severi variety B in Theorem 3.1.
These results suggest the opposite question, instead of given the curve C and the twist C′ and finding the
Brauer-Severi surface B, fixing the Brauer-Severi surface B and trying to find the right curve C and the right
twist C′ to find the k-morphism f : C′ →֒ B.
The main idea is looking for smooth plane curves C of degree a multiple of 3, otherwise all their twists are
smooth plane curves over k, see Theorem 2.6 in [1], and having an automorphism of the form [aZ : X : Y ] to
define the twist C′ given by the cocycle that sends a generator σ of the degree 3 cyclic extension L/k defining
B to the automorphism [aZ : X : Y ].
Lemma 3.4. For any a ∈ k∗ and d′ ∈ Z≥1, the equation X
3d′ + ad
′
Y 3d
′
+ a2d
′
Z3d
′
= 0, defines a smooth plane
curve Cd
′
a over k of degree 3d
′, such that [aZ : X : Y ] is an automorphism.
4. The Picard group
Theorem 4.1. (Lichtenbaum, see [2, Theorem 5.4.10]) Let B be a Brauer-Severi variety over k. Then, there
is an exact sequence
0 −→ Pic(B) −→ Pic(B ⊗k k)
deg
∼= Z
δ
−→Br(k).
The map δ sends 1 to the Brauer class corresponding to B.
Theorem 4.2. Let B be a non-trivial Brauer-Severi surface over k, associated to a cyclic algebra (L/k, χ, a)
of dimension 9 by Theorem 2.5. For any integer d′ ≥ 1, there is a twist C′ over k of the smooth plane curve
Cd′,a, living inside B and also defines a generator of d
′ Pic(B).
Proof. The twist C′ of Cd
′
a given by the inflation map of the cocycle
ξ(σ) =


0 0 a
1 0 0
0 1 0

 ∈ H1(Gal(L/k),Aut(Cd′a ))
as in Theorem 2.5 lives inside B for any integer d′ ≥ 2 by using Theorem 3.2 with Remark 3.3. For d′ = 1,
set AutL(C
1
a) for the subgroup of automorphisms of C
1
a acting linearly on the variables X,Y, Z. Therefore, the
inclusions AutL(C
1
a) ≤ PGL3(k) and AutL(C
1
a) ≤ Aut(C) give us the two natural maps L : H
1(k,AutL(C
1
a))→
H1(k,Aut(C1a)), and Σ : H
1(k,AutL(C
1
a))→ H
1(k,PGL3(k)) respectively. Second, compose with the 3-Vernoese
embedding Ver3 : P
2
k → P
9
k, to obtain a model of C inside the trivial Brauer-Severi surface Ver3(P
2
k). Because the
image of any 1-cocycle by the map V˜er3 : H
1(k,PGL3(k))→ H
1(k,PGL10(k)), is equivalent to a 1-cocycle with
values in GL10(k) [7], and H
1(k,GL10(k)) = 1, then V˜er3([B]) is given in H
1(k,PGL10(k)) by τ ∈ Gal(k/k) 7→
M◦ τM−1, for someM ∈ GL10(k). Consequently, (M◦Ver3)(P
2
k) is a model ofB in P
9
k, containing (M◦Ver3)(C
1
a)
inside, which is a twist of C1a over k associated to ξ by Theorem 2.5.
On the other hand, by Wedderburn [12] and Theorem 4.1, the map δ sends 1 to the Brauer class [B] of
B inside the 3-torsion Br(k)[3] of the Brauer group Br(k) of the field k. Hence [B] has exact order 3, being
non-trivial, and so Pic(B) inside Pic(B⊗k k = P
2
k
)
deg
∼= Z is isomorphic to 3Z. Moreover, C′×k k ⊆ P
2
k
has degree
3d′, hence it corresponds to the ideal (3d′) ⊂ Z via the degree map. Consequently, the image of C′ in Pic(B)
is a generator of d′ Pic(B).

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5. The proof of Theorem 1.1
Let B be the Brauer-Severi surface corresponding to (L/k, χ, a) as in Theorem 2.5. Then there is an isomor-
phism φ : B → P2 defined over k such that
ξ(σ) =


0 0 a
1 0 0
0 1 0

 = φ .σφ−1,
for σ a generator of Gal(L/k) with χ(σ) = −1. The results in [7] apply to get the equations in the statement
of Theorem 1.1 for B inside P9. We recall that the equation are getting by twisting the image of P2 into P9 by
the Veronese embedding Ver3 : P
2 → P9. Indeed, we can compute following [7]
Ver3(φ) =


a2l1 0 0 0 0 0 a
2l2 0 0 a
2l3
0 al1 0 0 0 al2 0 al3 0 0
0 0 al1 al2 0 0 0 0 al3 0
0 0 al2 al3 0 0 0 0 al1 0
0 0 0 0 1 0 0 0 0 0
0 l3 0 0 0 l1 0 l2 0 0
al2 0 0 0 0 0 al3 0 0 al1
0 l2 0 0 0 l3 0 l1 0 0
0 0 l3 l1 0 0 0 0 l2 0
l3 0 0 0 0 0 l1 0 0 l2


: B → P2 ⊆ P9,
where L = k(l1, l2, l3) with σ(l1) = l2 and σ(l2) = l3.
On the other hand, the twist φ : C′ → Cd
′
a given by the previous cocycle is embedded in B: we have the
k-morphism f : C′ → B given by φ
−1
Υφ. Composing with Ver3 we get the equations of C
′ inside P9 in the
statement of Theorem 1.1.
Finally, the claim about the order of the curves C′ in Pic(B) follows by Theorem 4.2.
6. Generalizations on Picard group elements for cyclic Brauer-Severi varieties
Let L/k be a Galois cyclic extension of degree n+ 1, with Gal(L/k) = 〈σ〉. Fix a character
χ : Gal(L/k)→ Z/(n+ 1)Z,
which is equivalent to fix σ′ a generator of Gal(L/k) such that χ(σ′) = 1. Given a ∈ k∗, we consider a k-algebra
(L/k, χ, a) as follows: As an additive group, (L/k, χ, a) is an n+ 1-dimensional vector space over L with basis
1, e, . . . , en: (L/k, χ, a) := ⊕ni=0Le
i with 1 = e0. Multiplication is given by the relations: e . λ = σ′(λ) . e for
λ ∈ L, and en+1 = a. The algebra (L/k, χ, a) is called the cyclic algebra associated to the character χ and the
element a ∈ k, and is trivial if and only if a is a norm of certain element of L. Its class in H1(k,PGLn+1(k))
corresponds to the inflation of the cocycle in H1(Gal(L/k),PGLn+1(L)) given by
ξ(σ) =


0 0 . . . . . . 0 a
1 0
. . .
. . . 0 0
0 1 0
. . .
...
...
...
. . .
. . .
. . .
...
0 0 . . . . . . 1 0


:= Aσ
Lemma 6.1. For any a ∈ k∗ and d′ ∈ Z≥1, the equation
n∑
i=0
aid
′
X
(n+1)d′
i = 0
defines a non-singular k-projective model Xd
′,n
a of degree (n+1)d
′ of a smooth projective variety inside Pnk , such
that Aa := [aXn : X0 : . . . : Xn−1] is leaving invariant X
d′,n
a .
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Theorem 6.2. Let B be a Brauer-Severi variety over k, associated to a cyclic algebra (L/k, χ, a) of dimension
(n+ 1)2 and exact order n + 1 in Br(k). For any integer d′ ≥ 1, there is a twist X ′ over k of Xd
′,n
a , living
inside B and defining a generator of d′ Pic(B).
Proof. Setm =
(
2n+1
n
)
and consider the Veronese embedding Vern : P
n
k →֒ P
m−1
k . Use the n-Veronese embedding
Vern to obtain a model of X
d′,n
a inside the trivial Brauer-Severi variety Vern(P
n
k ). Because the image of a 1-
cocyle by the map V˜ern : H
1(k,PGLn+1(k))→ H
1(k,PGLm+1(k)) is equivalent to a 1-cocycle with coefficients
in GLm+1(k) by [7] and H
1(k,GLm+1(k)) = 1, then V˜ern([B]) is given in H
1(k,PGLm+1(k)) by τ 7→M ◦
τM−1,
for some M ∈ GLm+1(k). Consequently, (M ◦Vern)(P
2
k) is a model of B in P
m−1
k , containing (M ◦Vern)(X
d′,n
a )
inside, which is a twist of Xd
′,n
a over k associated to ξ : σ 7→ Aσ.
On the other hand, by Theorem 4.1, the map δ sends 1 to the Brauer class [B] of B inside the (n+1)-torsion
Br(k)[n+1] of the Brauer group Br(k) of the field k. Hence [B] has exact order n+1, being non-trivial, and so
Pic(B) inside Pic(B ⊗k k = P
n
k
)
deg
∼= Z is isomorphic to (n + 1)Z. Moreover, X ′ ×k k ⊆ P
n
k
has degree (n + 1)d′,
hence it corresponds to the ideal ((n+ 1)d′) ⊂ Z via the degree map. Consequently, the image of X ′ in Pic(B)
is a generator of d′ Pic(B).

Following the notation of [7, Lemma 3.1], we write Vn : P
n → Pm : (X0 : ... : Xn) 7→ (ω0 : ... : ωm), where
the ωk are equal to the products ωXα0
0
...Xαnn
=
∏
iX
αi
i with
∑
i αi = n+ 1 in alphabetical order.
The automorphism Aa of X
d′,n
a as an automorphism of Vern(X
d′,n
a ) sends ωXni 7→ ωXni+1 and ωXnn 7→ aωXn1 .
Corollary 6.3. With notation above,
Vern(X
′) :
n∑
i=0
(
∑
j
li+jωXn
j
)d
′
= 0 ⊆ B
Proof. By using [6, Section 3], we find that a matrix φ realizing the cocycle ξ, that is, ξ = φ ◦σ φ−1, sends
φ(ωXn
i
) = ai(
∑
li+jωXn
j
) and φ(ωXnn ) = (
∑
lj−1ωXn
j
). We plug φ into the equation of Xd
′,n
a and the result
follows. 
Appendix: Another approach to construct Brauer-Severi surfaces
The third author shows an algorithm for constructing equations of Brauer-Severi varieties in [7]. Here we
show an alternative way for constructing equations of Brauer-Severi surfaces (n = 2) by using the Twisting
Theory of plane curves.
Let Vern : P
n
k →֒ P
(2n−1n−1 )−1
k be the n-Veronese embedding. It has been observed by the third author in [7]
that the induced map
V˜ern : H
1(k,PGLn+1(k))→ H
1(k,PGL(2n−1n−1 )
(k)),
satisfies that the image of any 1-cocycle is equivalent to a 1-cocycle with values in the lineal group GL(2n−1n−1 )
(k)
and is well-know that H1(k,GL(2n−1n−1 )
(k)), is trivial by Hilbert 90 Theorem. This fact leads to an algorithm to
compute equations for any Brauer-Severi varieties. Here we use the idea coming from the construction in [1] of
the equations for a non-trivial Brauer-Severi surface.
Lemma 6.4. Let C be a smooth plane curve over k of genus g = 12 (d− 1)(d− 2) ≥ 3. The canonical embedding
of C is isomorphic to the composition Ψ : C
ι
−→P2k
Verd−3
−→ Pg−1k , where ι comes from the (unique) g
2
d-linear system,
all are defined over k. In particular, fixing a non-singular plane model FC(X,Y, Z) = 0 in P
2
k of C, one may
directly compute its canonical embedding into Pg−1k by applying the morphism Verd−3.
Proof. It is fairly well-known that the sheaves Ω1(C) and O(d − 3)|C are isomorphic (cf. R. Hartshorne [4,
Example 8.20.3]). Hence, H0(P2,O(d − 3)) −→ H0(C,Ω1) is an isomorphism, and the statement follows. 
Both maps, ι and Verd−3, are Gal(k/k)-equivariant. Therefore, the natural maps
Aut(C) →֒ Aut(P2
k
) = PGL3(k)→ Aut(P
g−1
k
) = PGLg(k)
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are morphisms of Gal(k/k)-groups.
Proposition 6.5. Given a non-trivial Brauer-Severi surface B over k, associated to a cyclic algebra (L/k, χ, a)
of dimension 9, it is algorithmically computable a k-model of B in P
9
2
d′(d′−1)
k with d
′ ≥ 2, by considering any
smooth plane curve C over k of degree 3d′, such that [aZ : X : Y ] is an automorphism. In particular, for d′ = 2
we get a model 1 in P9.
Proof. For non-hyperelliptic curves, see a description in [6], the canonical model gives a natural Gal(k/k)-
inclusion Aut(C) →֒ PGLg(k), but we can go further, the action gives a Gal(k/k)-inclusion Aut(C) →֒ GLg(k).
In this way, the natural map H1(k,Aut(C))→ H1(k,PGLg(k)), satisfies that that the image of any 1-cocycle is
equivalent to a 1-cocycle with values in GLg(k), and recall that H
1(k,GLg(k)) is trivial by applying Hilbert’s
Theorem 90. This allows us to compute equations for twists via change of variables in GLg(k) of the canonical
model for C. Now, by Lemma 6.4 and the proof of Theorem 4.2, one could construct a smooth model for the
Brauer-Severi surface in P9k by taking the Vd−3 embedding with d = 6 and C as in the statement. 
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